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2 SQUARE PROPERTY, EQUITABLE PARTITIONS, AND PRODUCT-LIKE GRAPHS 
ABSTRACT 



Equivalence relations on the edge set of a graph G that satisfy restrictive conditions on 
chordless squares play a crucial role in the theory of Cartesian graph products and graph 
bundles. We show here that such relations in a natural way induce equitable partitions 
on the vertex set of G, which in turn give rise to quotient graphs that can have a rich 
product structure even if G itself is prime. 

Keywords: square property, unique square property, USP-relation, quotient graph, equitable par- 
tition, Cartesian graph product 

1. INTRODUCTION 

Sabidussi [17] and later Vizing [19] showed that every finite connected graph has a unique 
prime factorization w.r.t. the Cartesian product. This Cartesian product structure is 
naturally understood in terms of an equivalence relation a on the edge set E{G) that 
identifies the fibers as the connected components of the subgraphs of G that are induced 
by a single equivalence class of a [17]. The first polynomial time algorithm to compute 
the factorization of an input graph [3] explicitly constructs a starting from another, finer, 
relation 5. The product relation a was later shown to be simply the convex hull £((5) of 
the relation 5 [14]. 

Graph bundles [15], the combinatorial analog of the topological notion of a fiber bun- 
dle [12], are a common generalization of both Cartesian products [8] and covering graphs 
[1]. A slight modification of the relation 5 turns out to play a fundamental role for the 
characterization of graph bundles [21] and forms the basis of efficient algorithms to rec- 
ognize Cartesian graph bundles [13, 20, 21]. Here we introduce a further generalization, 
termed USP-relations, that still retains the salient properties of 5. 

The connected components of a given equivalence class of the product relation cr, i.e., 
the fibers of G w.r.t. to a given factor F, form a natural partition Vf of the vertex set 
of G. It is well known (see e.g. [8]) that G then has a representation as G = {G/'Pf)OF. 
It is of interest, therefore, to consider quotient graphs of Cartesian products in a more 
systematic way. 

Equitable partitions of graphs [4, 5] were originally introduced as a means of simpli- 
fying the computation of graph spectra [18] and walks on graphs [7]. A series of recent 
results on so-called perfect state transfer revealed a close connection between equitable 
partitions of the vertex set of G, the corresponding quotient graphs, and the Cartesian 
product structure of G [2. 6]. 

Here, we show that equitable partitions on the vertex set V{G) are induced in a natural 
way in a more general setting, namely by equivalence relations that are coarsenings of 
relations with the unique square property on the edge set E{G). The quotient graphs 
w.r.t. these equitable partitions exhibit a natural, rich product structure even when G 
itself is prime. It can therefore be regarded as an "approximate graph product" , albeit 
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in a somewhat different sense than the deviations from product structures explored e.g. 
in [11, 10, 9]. 

2. BACKGROUND AND PRELIMINARIES 
2.1. Basic Definitions and Notation 

In the foUowing we assume that G is a finite connected graph with vertex set V = 
V{G) and edge set E = E{G). A graph iJ is a subgraph of G if V{H) C V{G) and 
E{H) C E{G). H is an induced subgraph oi G if x,y G V{H) and {x,y) £ E{G) implies 
(a;,y) e E{H). An induced cycle on four vertices is called chordless square. 

Relations. We will consider equivalence relations R on E', i.e., R C E x E such that 
(i) (e, e) £ R, (ii) (e, f)&R implies (/, e) G i? and (iii) (e, /) G i? and (/, g) & R implies 
{e,g) G R. The equivalence classes of R will be denoted by Greek letters, ip C E. We 
will furthermore write ip ^ R for mean that ip is an equivalence class of R. 

A relation Q is finer than a relation R while the relation R is coarser than Q if 
(e, f)£Q implies (e, /) G R, i.c, Q C R. In other words, for each class t9 of i? there is a 
collection {x\x ^} oi Q-classes, whose union equals Equivalently, for all p ^ Q and 
Ip ^ R we have either ipCipoTipriip = ^. 

To make this paper easier to read we denote in the following refinements of a given 
relation i? by Q and coarse grainings of R by S, so that Q C R C S . 

For a given equivalence class ip ^ R and a vertex u G T^(G) we denote the set of 
neighbors of u that are incident to u via an edge in p by Nip{u), i.e., 

N^{u) :={«gF(G) I G^}. 

Equitable Partitions. A partition V of the vertex set V{G) of a graph G is equitable 
if, for all (not necessarily distinct) classes A,B £ V every vertex a; G A has the same 
number 

mAB := \NG{x)r\B\ 
of neighbors in _B. The matrix M = {mAs} is called partition degree matrix. 

Quotient Graphs. Let G be a graph and P he a, partition of V{G). The (undirected) 
quotient graph G/V has as its vertex set 'P, i.e., the classes of the partition. There is 
an edge [A, B] for A, B <E V ii and only if there are vertices a G A and b <E B such that 
[a, b] G E{G). Note that there is a loop [A, A] unless the class A of 7-" is an independent 
set. 

Weighted Quotient Graphs. Let G be a graph and let V be an equitable partition 
of V{G) with partition degree matrix M. The directed weighted quotient graph G/V has 
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vertex set V{G/'P) ~ V and directed edges {A,B) from A to B with weight toab iff 

— - — )■ 

"mAB > 1- Note that G/V has loops whenever tiiaa > 1- 

By construction, uiab > 1 imphes msA > 1- Hence G/V has a well-defined underlying 
undirected, unweighted graph, which obviously coincides with G/V. The underlying sim- 
ple graph, obtained by also omitting the loops, will be denoted by Af{G/V) — N{G/'P). 

Cartesian Graph Product. The Cartesian product GUH has vertex set V{G □ H) ~ 
V{G) X V{H)] two vertices {gi,hi), (52,^12) are adjacent in Gni? if (31,(72) G E{G) and 
hi = /i2, or (/ii,/i2) e £^(6*2) and gi = 52- 

Cartesian products generalize in a natural way to directed edge- weighted graphs (with 
loops allowed). Their Cartesian product GO H has the edge weights 

iff hi = /i2 and 171 7^ 92 
iff gi = .92 and hi ^ /12 
iff f/i = g2 and /ii = /12 
otherwise 

where rncigijgi) and m//(/ii,/i2) denotes the edge weight of the arcs {gi,g2) in G and 
(/ii,/i2) in i?, resp.. The absence of such an arc is equivalent to mx{xi,X2) = for 
X e {G, H}. The Cartesian product of the underlying unweighted graphs is obtained by 
ignoring the weights in the product graph. 

The Cartesian product is associative and commutative. Every finite connected graph 
G has a decomposition G — D"^! i^-to prime factors that is unique up to isomorphism 
and the order of the factors [17]. 

The mapping pi : l/(nf^^Gj) V{Gi) defined by pi{v) = Vi for v = {vi,V2, . . . ,w„) 
is called projection on the i-th factor of G. The induced subgraph of G with vertex 
set V{Gf) = {u e V{G) I Pj{v) = Wj, for all j ^ i] is called Gj-layer through w. It is 
isomorphic to G,;. 

An equivalence relation R on the edge set E{G) of a Cartesian product G = □"^-^G^ 
of (not necessarily prime) graphs G,; is a product relation ii e R f holds if and only if 
there exists a j £ {1, . . . , n} such that |pj(e)| = \pj{f)\ = 2. 

Cartesian Graph Bundles. Given two graphs G and H, a map p : G ^ H \s called a 
graph map if p maps adjacent vertices of G to adjacent or identical vertices in B and edges 
of G to edges or vertices of B. Graph maps are also known as weak homomorphisms [8]. 
For instance, the projections pi of product graphs to their factors are graph maps. 

A graph G is a Cartesian graph bundle if there are two graphs -F, the fiber, and B 
the base graph, and a graph map p : G ^ B such that: For each vertex v G V{B), 
p~^{v) = F and for each edge e e E{B) we have p~^(e) ^ K2OF. The triple {G,p,B) 
is called a presentation of G as a Cartesian graph bundle. If G = 02=iGi is a product, 
then {G,pj, Gj) is a bundle presentation of G with fiber n"^]^ i^j^^ 1 ^ J ^ 



m{{gi,hi),{g2.,h2)) 



ma (91,92), 
mnihi, /12), 

"tG(.9i,52) + mnihi, /12), 
,0, 
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2.2. From Edge Partitions to Vertex Partitions 

We start from an equivalence relation R on E{G). Let (f Q R. An edge e is called 
(/3-edge if e e (ys. The subgraph has vertex set V{G) and edge set (p. The connected 
components of G^p containing vertex x g V{G) are denoted by G^. 
By construction, the set 

r^:^{V{Gl)\x<-V{G)} 

is a partition of V{G) for every ip Q R. The quotient graph G/V^ has as its vertex sets 
the connected components and edges {G^.G'^) if and only if there arc x' S y(G^) 
and y' G F(Gp with [x' ,y') S £:(G). 

The projection : G ^ defined by x i-> GJ is a graph map. If (a;, y) G <p then 
y G F(G^) and hence G^ = G^. Thus, wc have a loop in the quotient graph G/V^' for 
every y(Gj^) 7^ {a;}. Edges in B^p thus arise only from (x, y) € E \ (p. 

In the following wc will be interested in particular in the complements of i?-classes, 
i.e., ill Ip := E \ (p. The corresponding subgraphs are denoted by Gjp, with connected 
components G^ for a given x G V^(G). For later reference we note following simple 



Observation 1. It holds y G V{G^) if and only if there is a path P := (x = 
xo,xi, . . .Xk = y) from a; to y such that [xi, Xi+i] ^ ip for all < i < fc — 1. 

Just like V^, the set 

V^':^{V{G^^)\xeV{G)} (2) 
is a partition of V{G) for every ip Q R. To sec this, we note that x G ^(G^) holds 
for aU X G y(G). Thus, P 7^ for all P G P^ and [jpevJl P = ^(G")- Furthermore, 
y(G^) n I/(G^) 7^ if and only if x and j/ are in same connected component w.r.t. Tp, 
i.e., if and only if V{Gf) = V{G^). 

We furthermore will need the intersections 

Vh{x) := fl y(G^) . 

These sets form the classes of the common refinement of the partitions P^, ip ^ R, i.e., 
V" := J fl V{G^{x)) I X G V{G) I = | x G l^(G)} (3) 

is again a partition of V{G). 



Lemma 1. Let Q and R be two equivalence relations on E{G) so that Q is finer than 
R. Then I/flXx) C I/Q(a;). 
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Proof. Consider two equivalence classes ip,')p ^ Q. From ipU = Tp f] we observe 
that G ^yj^ is a subgraph of both G-^ and G;;^. This remains true for the connected 
components containing a given vertex x , and hence 

V{G^)QV{G^)C^V{G^--). 

Using this observation we compute 

ijEfl i?Efl V / flE_RxCiJ x-Q 

I 

Thus, a coarser equivalence relation R on i?(G) leads to smaller sets V[i{x), and hence 
to a finer partition of the vertex set. 

2.3. The Square Property and the Unique Square Property 

Definition. Two edges e, / G E{G) are in the relation 6, e 6 f, if one of the following 
conditions is satisfied: 

(i) e and / are opposite edges of a chordless square. 

(ii) e and / are adjacent and there is no chordless square containing e and /. 

(iii) e = /. 

Definition. An equivalence relation R on E{G) has the unique square property if it 
satisfies 

(51) Any two adjacent edges e and / from distinct equivalence classes span a unique 
chordless square with opposite edges in the same equivalence class R. 

R has the square property if it satisfies 

(52) The opposite edges of any chordless square belong to the same equivalence class. 

The unique square property was introduced by Zmazek and Zerovnik [21] as a feature 
of the so-called fundamental factorizations of graph bundles over simple bases. The 
results derived below therefore hold in particular also for this type of graph bundles. 

Relations with the unique square property do not need to satisfy the square prop- 
erty as shown by the counterexample in Figure 1. Condition (S2), on the other hand, 
implies (SI). It has been noted e.g. in [21] that 5 has the unique square property. For 
completeness we include here a direct proof. 

Lemma 2. Every equivalence relation R on E{G) that has the square property also 
has the unique square property. 
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FIGURE 1. The square property and the unique square property are not equivalent. The line styles 
distinguish the two classes of the equivalence relation R on the edges. It has the unique square property 
(SI). The edges [1, 2] and [1,4] span two chordless squares Sqi = [1,2, 5, 4] and Sq2 = [1,2, 3, 4] of which 
Sqi has opposite edges in the same equivalence class. The square Sq2 thus violates (S2). 



Proof. Let C denote a ehordless square in G with edges e ~ [a,b], f ~ [a, d], f — [b, c] 
and e' = [c,d]. If all edges are in the same equivalence class there is nothing to show. 
Therefore, let e, e' G 99 E i?, /, /' S V - ^'^d (p ^ tp. Assume, for contradiction, 
that there is a second chordless square with edges e = [a, &], / = [a,d\, f" = [b,x] and 
e" = [d, x] that is spanned by e and / with opposite edges in the same equivalence 
class. Thus, e, e', e" G and /, /', /" G ^p, contradicting that the opposite edges of the 
chordless square with edges e', e", /' and /" are in the same equivalence class. | 

The following observation has been used implicitly e.g. in [13, 21]. 

Proposition 1. An equivalence relation R on E{G) has the square property if and 
only a S <Z R. 

Proof. Let R be an equivalence relation on E{G) and 6 C R. Then Condition (i) in 
the definition of 6 directly implies Condition (S2). Therefore (SI) is satisfied as well. 

Let R be an equivalence relation on E{G) with the square property. We have to show 
that e 5 f implies e R f for all edges e, /. First assume e 5 f such that e and / are 
not adjacent. Hence, either Condition (i) or (iii) is fulfilled which immediately implies 
e R f. Now, let e and / be adjacent and assume for contraposition that e ft f. Thus, 
by condition (5*1) there is a chordless square spanned by e and / and therefore e and / 
do not satisfy condition (ii). Hence, e ^ f which completes the proof. | 

The transitive closure 6* of S is therefore the finest equivalence relation on E{G) that 
has the square property. Furthermore, an equivalence relation R has the square property 
if and only if its classes are unions of equivalence classes of 6* . Therefore, if R has the 
square property and i? C S", then the coarser equivalence relation S also has the square 
property. 

In contrast, there is no finest equivalence relation that has the unique square property. 
Moreover, if an equivalence relation R satisfies the unique square property, it is still 
possible that there exists a coarser equivalence relation S D R that does not have the 
unique square property, as shown by the example in Figure 2. 

This observation motivates us to consider a slightly more general set of equivalence 
relations. 
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FIGURE 2. The equivalence relation Q on the edge set E{G) of the "diagonalized cube" G has the four 
equivalence classes tfi,tf2,fi and (^94 depicted by solid, zigzag, dotted and dashed edges, respectively. 
One easily checks that Q has the unique square property. The relation R with classes ijix = ipxYJ ip2 
and 5/12 = i/?3 U i/?4, however, does not have the unique square property, because the edges [1, 5] and [1, 2] 
span two squares (1,5,6,2) and (1,5,6,4) with opposite edges belonging to the same class. Clearly, R 
is a USP-rclation 

Definition. An equivalence relation R on the edge set of a connected graph G is 
called a USP-relation if there exists a finer equivalence relation Q C_ R that satisfies the 
unique square property. 

Observation 2. If i? is a USP-relation on the edge set of a graph G, then any two 
adjacent edges of distinct i?-classes span a (not necessarily unique) square with opposite 
edges in the same equivalence class. 

In the remainder of this section we collect several basic properties of USP-relations. 
These results have originally be obtained for the relation i5 in the context of graph prod- 
ucts and later were generalized to the unique square property for applications to Cartesian 
graph bundles. Here we show that the statements remain true for USP-rclations. 

Lemma 3. Let i? be a USP-rclation on the edge set of a connected graph G. Then 
each vertex of G is incident to at least one edge of each i?-class. 

Proof. This was shown for the relation i5 in [3] and later for equivalence relations 
Q with the unique square property in [21]. Obviously, the result remains true when 
equivalence classes of Q are united, i.e., for any USP-relation R coarser than Q. The 
assertion follows immediately from the definition of USP-relations. | 

Hence, if G is connected then N^{u) ^ and N-^{u) ^ for all u £ V{G) and all 
(p £ Rii Ris a USP-relation. Thus, G^ and have no isolated vertices. 

Lemma 4. Let i? be a USP-relation on E{G) and let [u, v] G ip Q R. Then R induces 
a bijection between the i/'-edges incident to u and ip-edges incident to v for every ip £ R. 
Furthermore, the vertices u and v have the same ip-degvee for every ip R with tp ^ tp. 

Proof. Again, the result was first proved for S in [3] and then for equivalence relations 
with the unique square property in [21]. Now suppose R is an USP-relation, i.e., there is 
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an equivalence relation Q C R such that Q has the unique square property. Then each 
equivalence class x !^ ^ is the union of some Q-equivalence classes, x = Ui/,cx 
result of [21] guarantees the existence of a bijection of the V'-edges incident to u and the 
'(/'-edges incident to v for [u,v] € ifi X for all "0 C x- Since ip Hip' = 9 for any two 
distinct classes Q Q we conclude that the disjoint union of these bijections over the 
■0 C X is a bijection between the x-^dges incident to u and the x-edges incident to v for 
any [u, v] G ip x- Clearly, this bijection is again induced by R. It follows immediately 
that the x-degrecs of u and v arc also the same for all x ^- I 

Lemma 5. Let i? be a USP-relation on the edge set of a graph G that contains only 
two equivalence classes ip, Tp. Then 

\V{G^^)nV{G^)\>l 

holds for all x,y e V{G). 

Proof. This result was proved in [14] assuming the square property. In fact, the proof 
uses only the existence but not the uniqueness of these squares: 

Suppose there are x,y G V{G) such that V(G^) fl V{G^) = 0. W.l.o.g. we can assume 
that and have minimal distance. Let P be a shortest path from G^ to G^ . 
Clearly the first edge, w.l.o.g. say [x,w] of P must be in Ip and w is not in G^. Since 
the distance from G™ ^ GJ to G^ is smaller than the one from G^ to G^ it follows 
V{G^) n V{GL) ^ 0. Let V e F(G^) n y(G|) and let Q := {w ^ wo,wi, . . . ,Wk = v) 
be a path from w to w in G^'. Since [x,w] € "ip and [w,u;i] € tp, there exists a vertex 
xi G V{G) such that [a;i,z/;i] S Tp and [x,xi] G ip. Inductively, we obtain a walk 
W :~ {x ~ xq.xi, . . . ,Xk) such that [xi, x^+i] e </? for all < i < 1 and [xi, Wi] G Tp for 
all < i < k. Thus, Xk £ V{G^) and since [d, Xk] G ^,wc also have Xk £ V{G'^) = V^(G^) 
and therefore V{G^) n ^(Gp ^0. I 

If R in addition is convex, i.e., if i? is a product relation, then |y(G^) n V{G^)\ = 1 
for all cc, y G V and all ip ^ R. In Theorem 3 we will show below that the converse is also 
true. 

We will need also the following technical results: 

Lemma 6. Let i? be a USP-relation on the edge set E{G) of a connected graph G. Let 
Q C i? be an equivalence relation on E{G) with unique square property. For [v, w] G x E 
Q undipQR with n x = let be the subgraph of G with vertex set V{G^) U V(G^) 
that contains only iy9-cdges and x-edges, respectively, that is, E{H) — {[x,?/] G </? | x,?/ G 
Y {G1)\^Y {G1)\\J{\x,y\ G x I € Y {G1)\JY {G'^)} . Then Q restricted to H satisfies 
the unique square property on H . 

Proof. It suffices to show that for any two adjacent edges e = [x,y], f = [x, z] G E{H) 
with (e, f)^Q the vertex u of the unique square {x, y, u, z) with opposite edges in the 
same equivalence class spanned by e and / in G is already contained in Y{H). 
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W.Lo.g. let X e V'(G^) and e G a C a C Q. Hence, [u,z\ € a Q ip and therefore 
u e V{G^^) C V{Gl) U y(G-) = V{H). I 

3. RESULTS 

3.1. Equitable Partitions 

Lemma 7. Let G be a graph and let (p ip be two equivalence classes of a USP-relation 
R and let v,w € V{G). Then all vertices of G^ have the same number of incident ^/j-cdges 
connecting G^ and G™. More formally, 

\N^,{v)nviG-)\^\N^,{x)nv{G-)\ 

holds for all X G T/(Gp. 

Froo/. First, we show that N^{v) n V{G^) = if and only if N^{x) H V{G^) ^ 
holds for ah X G V^(G^). 

W.l.o.g., let G "0 and consider an arbitrary vertex x G F(G^). Then there is a 

path P := (v = vq^v\^ ■ ■ - Vk = x) from w to x in G^. Recalling Observation 2, we can 
construct a walk Q = (w = wq, wi, . . . , Wk) such that [vi, Wi] G ?A for all < i < fc and 
[wi,Wi+i] G for all < i < fc — 1. Then Wk G N^{x) and ui^- G V{G'^) and therefore, 
Njf,{x) n F(G™) 7^ 0. Since x G 1/(G^) was arbitrarily chosen, we can conclude that 
N^lx)r\V{G^) ^ holds for all x G V{Gl). Conversely, if N^{x)nV{G'^) ^ holds for 
all X G V^(G^), this is trivially fulfilled also for x = v. Thus, we have N^{v) n V{G^) = 
if and only if N^{x) D V{G^) = holds for all x G V{G"^). 

Now Suppose that N^{v) n V{G^) ^ 0. W.l.o.g., let [v,w] G V. Since i? is a USP- 
relation, there is some relation Q <Z R that has the unique square property, and ip ^ R 
is the disjoint union of some equivalence classes X != 0: V' = UxCi> X- Thus, we have 

\N^,ix) n y(G™)| = ^ \N^{x) n F(G-)| 

Therefore, it suffices to show that \N^{v) H V{G^)\ = \N^ix) H V{G^)\ holds for all 
X G V{G^) and all x E Q with x ^ "0- In the following wc denote with A^|^ the 
intersection of some set N C V{G) and the vertex set of a given subgraph H C G. 

Suppose first, x G N^(v), i.e., [v, x] € (p ip- By construction, n x = holds for all 
X Q ''P- Using the same arguments as before, we can conclude that N^{x) n V{G^) ~ 
if and only if N-^{v) n V^(G") = 0. Therefore, assume N^{v) n F(G^") ^ 0. Let H be 
the subgraph of G with vertex set V{G^) U ^(G™) defined as in Lemma 6. Then the 
restriction of Q to H satisfies the unique square property on H. 

If G^ = G^, we can conclude by Lemma 4 that 

\N^iv) n F(G-)| = \N^{v)\h\ - |A^x(2^)|i/l = n ^(G^)l- (4) 
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Assume now ^ G^, and hence Vifil) n V^(G^) = 0. Thus \N^{y)\H\ = W^iy) n 
y(G^)| + \N^iy) n V{G^)\ holds for all y e V{G^^) and therefore, we can conclude again 
from Lemma 4 and Equation (4) 

\N^ix) n F(G-)| = \N^{x)^h\ - \N^{x) n viG:^)\ 

= \n^{v)^h\ - \N^{v) n i/(g;;)| = |iv^(i;) n v{g^)\, 

which implies |iV^(x) n F(G^)| = lAfv'(^') ^ 1^(G'^)|. 

If V and a; arc connected by a path in GJ!,, the assertion follows by induction on the 
length of the path. I 

Corollary. Let G be a connected graph and i? be a USP-relation on E{G). Then P-^ 
is an equitable partition of the graph G^p for every equivalence class (p of R. 

Proof. This follows immediately from V{G) = V{G^p), the fact that P^ defined in 
Eq.(2) is a partition of V(G), and Lemma 7. I 

If G^p is an induced subgraph of G we have G^p/V■^ = M{G/V^) which follows from the 
fact that [G^, G^] is an edge in N{G/V-^) if and only if there is an edge in G connecting 
a vertex in V{G^) with a vertex in V{G^). This edge must be in since otherwise 
G|r = G^, and hence it is in G^ . 

Remark. The quotient graphs B-^ := G^jV^ provide a direct connection to the theory 
of graph bundles since Bjp coincides with the base graph of the bundle presentation 
{G,pjp, B^) of G provided Ip is 2-convex [13, 16]. We recall that a subgraph H C G 
is 2-convex w.r.t. G if all shortest G-paths of length < 2 connecting pairs of vertices 
in H are contained in H. An equivalence class if ^ R is said to be 2-convex if all 
connected components G^ of G^p are 2-convex w.r.t. G. Moreover, it can easily be shown 
that G has a graph bundle presentation {G,p,G,p/V^) over a simple base if and only 
a p : G^ ^ G^/V-^ is a covering projection, i.e., a locally bijective homomorphism 
[5, 13, 16]. 

Theorem 1. Let i? be a USP-relation on the edge set E{G) of a connected graph G. 
Then defined in Eq.(3) is an equitable partition of G. 
To prove the Theorem, we first show the following: 

Lemma 8. Let G be a connected graph and i? be a USP-relation on E{G). Then for 
an arbitrary equivalence class Lp oi R holds: 

(1) N^{x)r\ Vniy) 7^ if and only if N^{u) n VR{y) ^ for all u e Vr{x). 

(2) N^{x) n Vniy) ^ implies N^{x) H F^Xy) = N^{x) V{G^). 

Proof. 

(1) Let N^ix) n Vniy) ^ and hence, N^{x) H V{G^) ^ for all 1^ E i?. Thus, there 
exists a vertex z e V{G) with [a;, z] & Lp such that z G V{G^) for all i/j E i?. Note, 
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it holds z G V(G^ since for all </? 7^ ^/i there is a path that is not in -0 which is the 
particular edge [a;, z] G <^ . Therefore, = for all 7^ 

Now let u e Vr(x). Hence u G V^(G|^) = V{G^) for all ip ^ (p. From Lemma 7 
and the fact that N^{x) n ^(G^) 7^ 0, we can conclude that N^{u) n V{G^) ^ 0, 
i.e., there exists a vertex w G V{G^) such that [u,w] G iy9. This implies w G 
y(G^i) = ViG^) for all ^/i 7^ and therefore w G hence iVy(u) n VR{y) ^ 0. 

Conversely, if N^{u) n VR(y) 7^ for all u G Vji{x), this is trivially fulfilled for 
u = X. 

(2) Let z G N^ix) n Vr(2/), that is, z G A^<p(a;) and z G ^(G^) for aU V E i?, in 
particular, z G F(G^). Hence, z G N^{x) n l^(G^) and therefore we have N^{x) fl 
Vniy) C Ar^(2:) n ^(G^). Now, let z G iV^(x) n F(G^), which is equivalent to 
[x, z] G and z G V{G^). It follows z G V{G^) for aU ?A 7^ V5 and thus z G V^(Gp 
for all E i? since N^{x) fl VrXj/) 7^ 0. Hence, z G N^{x) Pi VR(y) and therefore 
N^{x) n T^(G^) C N^{x) n Vr(j/), from which we can conclude equality of the sets. 



Proof of Theorem 1. By construction is a partition of V{G). It remains to show 
that this partition is equitable, that is, wc have to show that for arbitrary u,x,y G V{G) 
with u G Vr{x) holds 

iNoiu) n VRiy)\ = \Ng{x) n VRiy)\. (5) 

Notice, that for arbitrary x G F(G) holds Ng{x) = Ui^Eh ^v(^) and A^^(a;) n A'^^(a;) = 
for If ^ ^p. Hence we have \Nq{x) fl = X^^Ei? l-^yl^^) ^i?(2/)l- Therefore, it 

suffices to show 

\N^{u)nVR{y)\ = \N^ix)nVRiy)\ E i? 

to prove Eq. (5). This equality, however, follows immediately from Lemma 8 together 
with Lemma 7. I 

3.2. Product Structure of Quotient Graphs 

Product structures and equitable partitions arc compatible in the following sense: 

Proposition 2. [2] Let G = Gi and let tt^ be an equitable partition on Gi. Then 
there is an equitable partition tt of G such that 



□ (G./tt,) = (G/^ 

i—1 
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Since the Cartesian product of the underlying unweighted graphs is obtained by simply 
omitting the weights, we also have 

□ (G,/^,) = (G/^) 

i—l 

for the same equitable partition tt of G. 

Our next result shows that equitable partitions constructed above arrange themselves 
as a special case of Prop. 2. 

Theorem 2. Let i? be a USP-rclation on the edge set E{G) of a connected graph G. 
Then 

G/p«^ □ G^/P|. 

Proof. Let (pi, . . .ipn denote the equivalence classes of R. Let x,vi, . . . ,Vn G V{G), 
where the Vi need not necessarily be distinct. If x £ V{G^ ) for all i = 1, . . . n then 

Remark, that for 1 < z < n the vertex set of G^JV^, is given by V{G^./V^) = 
{G^^ I Vi e V{G)}. Hence, we have 

Vi^^G^JV^^) = {(G;\, . . . ,G^:) I V, G ViG),^ = 1, . . . ,n} , 

where {G^-\ , . . . , G^"J = (G^; , . . . , G^^ ) if and only if G 1/(G^^ ) for ah z = 1, . . . , n. 
We define a mapping V{G/V^) ^ V(nf^i G^JV^J as follows: 

iffx G V{Gl\) for alH = l,...n. 

For all X G T^(G) there exist Vi, i = 1, . . . ,n such that x G F(G^' ), e.g. choose = x. 
And since from a; G V{G^\) and x G V{G'!^' ) follows G^' = G^' , this mapping is well 
defined. 

Due to the fact that x G V{G^ ) and y G T/(G^' ) implies Gi^ = G^ , we can con- 
clude that this mapping is injective. To prove surjectivity, it suffices to show, that 
nf^iV{G^ ) ^ for arbitrary Vi G V{G). We show by induction for all A: < n 

holds n*Lil/(G^') 7^ 0. For fc = 1 this is trivially fulfilled. Let A: > 1 and suppose 
n'^^^V{G^J ^ 0. We have to show, that this implies n*^+iV(G^^) ^ 0. From the induc- 
tion hypothesis, we can conclude there must be a vertex x G V{G) such that x G V{G^ ) 
for alH = 1, . . . , fc and hence n^^iy(G^J = nf^^ViG^^) for aU i = 1, . . . , fc. Therefore, 
we have to show 

fc 

nG^,,Jcf|I/(G£). (6) 

i=l 
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FIGURE 3. The equivalence relation R on E{G) with equivalence classes (solid), i/?2 (dashed), and ipz 
(dotted) has the unique square property. We have = {{1, 4, 7, 10}, {2, 5, 8, 11}, {3, 6, 9, 12}}, V^^ = 

{V{G)}, = {{1,2, ...,6},{7,8, ...,12}} and = {{1, 4}, {2, 5}, {3, 6}, {7, 10}, {8, 11}, {9, 12"}}. 

The corresponding quotient graphs G^-fV-^, , i = 1, 2, 3 and the product graph G/V^ are shown on the 
right-hand side. 



From that and Lemma 5 wc can conclude ^ V{G^^^^) Ci ^(G^'^^'J C fl-^i^ V{G^^), 
from what the assumption follows. 

Let y G V{G^^^_^). Then there exists a path Q from x to y such that all edges of Q are 
in class tpk+i- Clearly, they are not in class (pi for i = 1, . . . fc and therefore y G V{G^ ) 
for alH = 1, . . . fc, from what Equation (6) and finally surjectivity follows. 

It remains to verify the isomorphism property, that is [Vr{x) , Vfj{y)] is an edge in 
G/P« if and only if [(G^^, . . . , G£ ), (G^^, . . . , G^J] is an edge in Df^, G^JV^^. Let 
[ Vr (x) , Vr (y)] G E{G/V^), that is, there exists a vertex x' G V/j(x) and a vertex 
y' G Vniij) such that [x' ^y'] is an edge in G and therefore in i^i for some i, 1 < i < n. 
This implies G£ = G^^ = gJ^ = G|^. for all j ^ z and [G£ ,G^J G i?(G^,/7'«). 
Thus, [(G^^,...;G^J,(G|^,...',G^ )] 'is an edge in U^^.G^JV^^^. Conversely, let 
[(G£ ,...,G£ ),(G|^,...,G^ )] G ^(□LiG^./T'l.). There must be an z, 1 < z < n 
such that [G£ ,G^J G E{G^JV§) and G£ = G|^. for aU j ^ [G£ ,G|J G 
E{G^JV-^) implies that there exists a vertex x' G V^(G^ ) and a vertex ?/' G F(G^ ) 
such that [a;', j/'] G in G. From Lemma 7, we can conclude that there exists a vertex 
z G V{GD such that [cc, z] G (^,. This in turn implies z G ^(G^p = l^(G|p for aU j ^ i 

and thus, z G Vr(?/). Hence, [VB.{x),Vii{y)] is an edge in G/V^. I 
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FIGURE 4. The left panel shows a graph with a USP-rclation _R whose equivalence classes are high- 
lighted by dashed and solid edges. The corresponding quotient graph G/V^ and its Cartesian prime 
factors are shown on the right-hand side. 



Corollary. Suppose the conditions of Theorem 2 are satisfied. If furthermore is 
an induced subgraph of G for aU Lp ^ R then 

G/V^'^ □ M{G/r§). 

Proof. It suffices to show that G/V^ has no loops if all Gjp are induced. We will prove 
this by contradiction. Therefore, assume that G/V^ contains a loop \V[i{x) ,Vr{x)] for 
some X e V{G). Hence, there are vertices y,z & Vr{x) with [y, z] G E{G). Clearly, 
[y, z] & ip for some ip Q R. But since y,z ^ V{G^) it follows that is not induced, a 
contradiction. I 

Corollary. If the conditions of Theorem 2 are satisfied, then 

G/V^= □ GJV$. 

Proof. Since the underlying undirected and unweig hted graphs of G/V^ and G^/V^ 
are exactly G/V^ and G^/'P^, respectively, it suffices to show that the weights are 
transferred as in Eq.(l). This follows immediately from Lemma 8 and Lemma 7 and the 
fact that \Ng{x) n VR{y)\ = J^^^r W^ix) n Ffl(y)|. I 



Theorem 3. Let Q be a USP-relation on the edge set E{G) of a connected graph G 
and let ip ^ Q. Then \V{G^) H V{G^)\ = 1 holds for all x,y £ V{G) if and only if 
R = {ip^Tp} is a product relation. 
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G G^JT:^, 





GIV^ = G^JV^nG^JV^^ 

FIGURE 5. The coarse graining R = {ipi = ipi U ip2,^2 = U (fii} obtained from the equivalence 
relation Q of Fig. 2 generates the quotient graph G/V^ = K2OK2 with non-trivial product structure. 



Proof. It suffices to show if |l^(Gp n V{G^)\ = 1 holds for all x,y E V{G) then 
R = {(f^Tp} is a product relation. 

Notice that Tp = ip. Hence the equitable partition induced by R is = {V{G^) fl 
V{G^) I X e V{G)}. Since consists only of elements of size one, we can conclude 
G = G/P^. Recall, that P^ = {V{G^) \ x G V{G)} and P^ = {V{G%) \ x S V{G)} are 
the equitable partitions of the graphs G^ and Gjp respectively. For arbitrary y G V{G) 
let P-^{y) denote the restriction of P-^ to the connected component of G^p, that is 
P^{y) ^ {V{G^) n V{Gl) I X G V{G)}. From Lemma 5, Lemma 7 and the definition 
of the quotient graphs, we can conclude that the mapping G^ n G^ H- G^ defines an 
isomorphism G^/P^ ^ Gv/P^iy) for all y G V{G) and since \V{G^^)nV{G^)\ = 1 holds 
for aU x,y e T^(G), we even have G^/P^ ^ Gy. Analogously it follows G^/P^ ^ G| 
for aU y G F(G). Thus, G^G^UG^ for all y G ^(G). I 

3.3. Refinements and Coarse Graining 

Given a graph G and a nontrivial USP-relation R on i?(G) it will often be the case that 
G/P^ has no "real" product structure, as in the example of Figure 2. Here, V{GTp.) = 
V{G) for each of the four equivalence classes, so that G/P^ is the trivial graph CKi 
consisting of a single vertex with a loop. In Section 2., we have shown that a coarse 
graining 5 of a USP-relation R in general leads to a refinement P^ of the vertex partition 
P^ . Hence we can expect to obtain larger quotient graph G/P^ with a "richer" product 
structure. This is indeed sometimes the case as shown by the example in Fig. 5. 

However, a coarser relation S ^ R does not always lead to a partition P^ that is 
strictly finer than P^, see Fig. 6 for an example. In this section we therefore explore 
the conditions under which a strictly finer partition P^ of the vertex set is obtained by 
a coarser equivalence relation SDR. 
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FIGURE 6. The coarse graining S = {ipi,ip = v'2 U (ps} of the relation _R of Fig. 3 leads to the same 
partition "P^ = of V{G) and thus to identical quotient graphs. 



Proposition 3. Let Lp and ij) be two equivalence classes of a USP-relation R on the 
edge set E{G) of a connected graph G. Then for all x £ V{G) holds 

nGJu^)= U ^(G')= U ^(G')- 

Proof. It suffices to show the first equation. Therefore, let z G Uyev(G=") ^(^i/'-^' 

that is, there exists a vertex y' £ V{G^) such that z G V{G^ ). Hence, there is a path 
Pa;^y' from a; to y' in and a path /'y',^ from y' to z in Thus, Px.y' U is a 
path from x to z in U and therefore z £ ^(G^y^) from which we can conclude 
[Jy^viG^^)ViGl)£ViG-^^^). 

Now, let z £ V{G^y^). Clearly, the restriction of R to G^^^ is an equivalence relation 
on £'(G^|j,0) with only two equivalence classes tp and ip- Therefore, by Lemma 5 we can 
conclude that V{G'^) D F(G^) ^ 0. Let y £ ^(G^) n l^(G^). It follows that = 
G^ and thus, z £ Uyey(G-) ^(G^) since in particular y £ V(G^). From ^(G^uv) - 
[Jy£V{G^) ^(G^) wc conclude equality of the sets. I 

Proposition 4. Let i? be a USP-relation on the edge set E{G) of a connected graph 
G and let ^ i?, </? 7^ ^. Then F(G^) n V{G^) = V{G^) if and only if V{G^) H 
V{G^) C ViG^—). 
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Proof. From Prop. 3 we can compute V{G^) D V{G^) = V{G^) n y(G^^^-^p = 

Notice that 1/(G^^) C V{G^) if and only if v e V{G^), otherwise we would have 
ViG^) n V{G^= 0. Therefore, 

V{G^^) n F(G|) = U.enGpnv(G^) ^(Gfo^) = nC^^) U (u.,;,y(G|^)) with 
A- = y(G-) n F(G|) \ V{G^) 

Hence, we have V{G^) fl V{G^) = V{G^^) if and only if A' = which is equivalent to 
F(G-) n V{G^) c ViG^). I 

Proposition 5. Let i? be a USP-relation on the edge set E{G) of a connected graph 
G with two distinct equivalence classes Lp,ip ^ R. 

(1) If F(Gp C ^(GJ) for some x £ V^(G) then F(Gp C ^(GJ) holds for ah y e 

(2) If \/(GJ) C I/(G^) for some x G I/(G) then V{Gf) = V{G). 

(3) If V{G^) = V{G), X e V{G), then for aU y G F(G) holds V^(G^) n y(G|) C 
^(G^) if only if V^(G^,) C V{GlL_). 

Proof. 

(1) Let X := {^; e V{G%) \ F(Gp C V^(G^)}. If V{G%) C l-(G^) then X ^ 0. 

Suppose 1/(G^,) \ AT 7^ 0. By connectedness of G^, there exists some vertices 
y G ^(G^) \ X and w G a: such that [v, y] G V- Clearly, y ^ l^(G^). Since y ^ X, 
there exists a vertex it; G F(G^) \ y(G^). Since [w,?/] G "01 we can use Lemma 7 
to conclude that there exist a vertex z G V{G'"^) such that [z, w] G ip. This implies 
w G V{G^) = y(G^), since w G AT, a contradiction. 

(2) Let T^(G^) C V{G^) and suppose V^(G) \ V{G^) ^ 0. By connectedness of G, 
there exist vertices v G X^(G|) and y G V{G) \ V{G^) such that [v,y] G £;(G). 
Obviously, [v^y] must be in Hence, y G ^(G™). From the first assertion, we 
conclude that this implies y G V(G^), a contradiction. 

(3) Clear. 

I 

We conclude our presentation by summarizing conditions under which the joining of 
two equivalence classes of a USP-relation does not affect the partitioning of the vertex 
set. 

Corollary. Let i? be a USP-relation on the edge set E{G) of a connected graph G 
with two distinct equivalence classes ip,ip ^ R and denote by S be the USP-relation 
obtained from R by joining ip and '0. Then: 

(1) = if </? or -0 belong to a factor of G. 
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(2) If here is a vertex x e V{G) with ViG^) C V{G^) then = if and only if 
V[Gy,) C V{GL^) holds for all y e V{G). 

(3) If T'^ = 7^"^ then (y9 U i/i belongs to a factor of G if and only if both ip and t/) belong 
to a factor of G. 

Proof. 

(1) W.l.o.g., let correspond to a factor of G. Then it holds ^(G^) n V{G^) = {.t} C 
V{G^^^) for all a: G V{G), which implies the assertion. 

(2) Follows immediately from Proposition 5. 

(3) If both if and V' correspond to factors, then clearly U i/; also corresponds to a 
factor. Conversely, suppose correspond to a factor and suppose = . 
Then \V{Gl^^) n F(G|^)| = 1 and F(G-) n I/(G^) C V{G^) holds for ah 

X e y(G). Note that V{G%) C ^(G^u^) and hence V{G%) n y(G^) = (l/(Gp n 
V{G^)) n I/(G- ^) C V[G^) n l^(G-u^) holds for ah x G 1-(G). This implies 
F(GJ) n T^(G^) = {x} for all a; G V{G). By Theorem 3 we can now conclude that 
ip belongs to a factor of G. Analogously, it follows that i/' belongs to a factor of G. 
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